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Abstract
We present a new two-parameter family of solutions of Einstein gravity with negative cosmological
constant in 2+1 dimensions. These solutions are obtained by squashing the anti-de Sitter geometry
along one direction and posses four Killing vectors. Global properties as well as the four dimensional
generalization are discussed, followed by the investigation of the geodesic motion. A simple global
embedding of these spaces as the intersection of four quadratic surfaces in a seven dimensional space is
obtained. We argue also that these geometries describe the boundary of a four dimensional nutty-bubble
solution and are relevant in the context of AdS/CFT correspondence.
1 Introduction
Three dimensional (3D) gravity provided us with many important clues about higher dimensional physics. It
help that this theory with a negative cosmological constant Λ has non-trivial solutions, such as the Ban˜ados-
Teitelboim-Zanelli black-hole spacetime [1], which provide important testing ground for quantum gravity
and AdS/CFT correspondence. Many other types of 3D solutions with a negative cosmological constant
have also been found by coupling matter fields to gravity in different way.
The present work was partially motivated by the finding that the nonflat part of the famous Go¨del ge-
ometry [2] can be interpreted as resulting from the squashing of a three dimensional anti-de Sitter (AdS)
lightcones [3]. Inspired by these results, we consider in this paper the possibility of squashing the AdS light-
cones along a different direction. It is possible in this way to find an exact solution of 3D Einstein’s equations
which posseses the same amount of symmetry as the Go¨del spacetime, without the causal pathologies of the
later. This configuration is characterized by two parameters m and n and has no curvature singularities.
The metric is given in three different forms, indexed by a parameter k = 0,±1 which are locally equivalent.
We present also a four dimensional (4D) interpretation of this solution; in this case it satisfies the Einstein-
Maxwell-scalar field equations with a negative cosmological constant. The 3D solution can be seen as arising
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from four dimensional gravity and provided us with a clear understanding of how the 3D and 4D gravity are
related to each other. We have to mention that this spacetime is not asymptotically flat, nor AdS.
The paper is structured as follows: in Section 2 we present the derivation of the new line element and
determine a matter content compatible with this geometry. We construct also a global algebraic isometric
embedding of these metric in a seven dimensional flat space. In Section 3, a 4D generalization of these
solutions is discussed and a matter content compatible with Einstein field equations is found. The geodesic
equations of motion are integrated in Section 4 where the properties of trajectories are also discussed. The
Section 5 contains a preliminary discussion of scalar field quantization for a particular parametrization of
this geometry. The paper closed with Section 6, where our main conclusions and remarks are presented.
We use the same metric and curvature conventions as in [4], and we work in units where c = G = 1.
2 The geometry and matter content
2.1 The line element
Following Rooman and Spindel [3], we introduce the triad
θ1 = dx, θ2 = dy +N(x)dt, θ3 =M(x)dt, (1)
where
N =
1
2
(emx − ke−mx), M = 1
2
(emx + ke−mx), (2)
and k = 0,±1. We consider also the set of metrics
dσ2 = (θ1)2 + n2(θ2)2 − (θ3)2. (3)
Here n, m are two real parameters; for a value of the squashing parameter n = 1, the above metric
describes the geometry of AdS3 space (with Λ = −m2/4), written in unusual coordinates. For example, the
transformation y = ϕ/m + T/2, t = ϕ/m − T/2, x = (2/m) arcosh(mr/2) brings the k = −1 metric into
the more usual form
dσ2 = (
m2r2
4
− 1)−1dr2 + r2dϕ2 − (m
2r2
4
− 1)dT 2. (4)
In this description of (a part of) AdS space, ϕ has to be given the full range, −∞ < ϕ <∞ of a hyperbolic
angle.
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By using the rescalling y → y/n and N → nN we rewrite (3) as
dσ2 = dx2 + (dy +Ndt)2 −M2dt2 (5)
where hereafter N = n(emx − ke−mx)/2, presenting the particular forms
dσ2 = dx2 + (dy +
n
2
cosh(mx)dt)2 − sinh2(mx)dt2, for k = −1 (6)
dσ2 = dx2 + (dy +
n
2
emxdt)2 − e
2mx
4
dt2, for k = 0 (7)
dσ2 = dx2 + (dy +
n
2
sinh(mx)dt)2 − cosh2(mx)dt2, for k = 1. (8)
At this stage the coordinates (x, y, t) are generic and nothing can be said about the range of values they
take.
As expected, line elements with the same value of m and n are isometric as proven by the existence of
the coordinate transformation
exp (mx0) = exp (mx−1) cosh
2(mt−1/2)− exp (−mx−1) sinh2(mt−1/2),
t0 exp (mx0) =
1
m
sinh(mx−1) sinh(mt−1/2), (9)
tanh
(m
2n
(y0 − y−1)
)
= exp (−mx−1) tanh(mt−1/2),
which relates the cases k = 0 and k = −1. Similarly, a straightforward calculation shows that the transfor-
mation
exp(mx0) = cos(mt1) cosh(mx1) + cosh(mx1),
t0 exp(mx0) =
1
m
cosh(mx1) sin(mt1), (10)
tanh
(m
2n
(y1 − y0)
)
= exp (−mx1) tan(mt1/2).
carries the k = 0 metric into k = 1 one. In these relations, the indices of the coordinates correspond to the
value of the parameter k.
A standard calculation show that these metrics admit at least four Killing vectors. For k = 0 we find
K1 =
∂
∂y
,
K2 =
1√
2
(
t
m
∂
∂x
+
2ne−mx
m2
∂
∂y
+ (1− 1
2
(t2 + 4e−2mx))
∂
∂t
)
,
K3 =
1√
2
(
t
m
∂
∂x
+
2ne−mx
m2
∂
∂y
− (1 + 1
2
(t2 + 4e−2mx))
∂
∂t
)
, (11)
K4 =
1
m
∂
∂x
− t ∂
∂t
.
3
The Killing vectors for k = 1 metrics are
K1 =
∂
∂y
,
K2 =
1
m
(
cos(mt)
∂
∂x
− n sin(mt)
cosh(mx)
∂
∂y
− sin(mt) tanh(mx) ∂
∂t
)
,
K3 =
1
m
∂
∂t
, (12)
K4 =
1
m
(
sin(mt)
∂
∂x
+
n cos(mt)
cosh(mx)
∂
∂y
− cos(mt) tanh(mx) ∂
∂t
)
,
while for k = −1 we find
K1 =
∂
∂y
,
K2 =
1
m
∂
∂t
,
K3 =
1
m
(
sinh(mt)
∂
∂x
+
n cosh(mt)
sinh(mx)
∂
∂y
− cosh(mt) coth(mx) ∂
∂t
)
, (13)
K4 =
1
m
(
cosh(mt)
∂
∂x
+
n sinh(mt)
sinh(mx)
∂
∂y
− sinh(mt) coth(mx) ∂
∂t
)
.
These vectors obey the algebra
[K1,Ki] = 0, [K2,K3] = K4, [K2,K4] = K3, [K3,K4] = K2. (14)
2.2 The matter content
A standard calculation of the Einstein tensor for the metric (5) in the orthonormal triad (1) yields for the
nonvanishing components
Gxx = G
t
t =
m2n2
4
, Gyy = m
2(1 − 3n
2
4
). (15)
To find a matter content compatible with this geometry, we couple the Einstein gravity with a negative
cosmological constant Λ, to an electromagnetic field and a perfect fluid. We find that the source free
Maxwell equations
1√−g
∂
∂xi
(
√−gF ik) = 0 (16)
admit the simple solution F xt = c/M . However, the corresponding energy momentum tensor
T b(em)a = FacF
bc − 1
4
δbaF
2 (17)
4
takes a simple form for k = 0 only. In this case, the expression of the vector potential is A = Aydy + Atdt,
where
Ay = cnx, At =
c(n2 − 1)
2m
emx. (18)
The constant c is determined from the Einstein equations
Rba −
1
2
Rδba + Λ
b
a = 8πT
b
a . (19)
Here the energy-momentum tensor T ba is the sum of the Maxwell field contribution which in the triad basis
(1) reads
T x(em)x =
c2
2
(n2 − 1), T y(em)y = −T t(em)t =
c2
2
(n2 + 1) (20)
and the perfect fluid energy-momentum tensor with a general form
T b(f)a = (p+ ρ)uau
b + pδba, (21)
where ρ is the energy density of the fluid, p the pressure and ua the three-velocity satisfying uau
a = −1.
For a pressure-free fluid (p = 0) we find
8πρ = −n2m2(1 − n2), 8πc2 = m2(1− n2), Λ = −m
2
4
(2n4 − 3n2 + 2). (22)
Clearly the condition n2 < 1 should be satisfied which implies a violation of the weak energy condition. The
above solution remains the same if we change the sign of m, n. As expected, the case n = 1 corresponds to
the AdS3 solution.
Given the existence of the coordinate transformations (9)-(10) this is a general solution for every value
of k. However, for k 6= 0, the expression of the potential vector Ai looks very complicated.
We note also that the cosmological term in Einstein’s equations can be regarded, if one wishes, as an
energy momentum tensor for a perfect fluid. In this description the cosmological term does not appear
explicitly. The Einstein equations give the relations
8πρ =
m2
4
(2n4 − n2 − 2), 8πc2 = m2(1 − n2), 8πp = −m
2
4
(2n4 − 3n2 + 2). (23)
Since these solutions are not asymptotically flat, nor AdS, the definition of mass and other conserved quan-
tities is not obvious.
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2.3 Global properties
The higher dimensional global flat embedding of a curved spacetime is a subject of interest to physicists
as well as matematicians. We mention only that several authors have shown that the global embedding
Minkowski approach of which a hyperboloid in higher dimensional flat space corresponds to original curved
space could provide a unified derivation of Hawking temperature for a wide variety of curved spaces (see e.g.
[5]).
Given the large number of symmetries of the line element (5), its geometry takes a simple form in a large
number of coordinate systems, which do not usually cover all of the spacetime.
For n2 < 1 (as requested by the Einstein equations) we found that the spacetimes (5) can be introduced
using a 7-dimensional formalism as metrics
ds2 = −(dz1)2 − (dz2)2 + (dz3)2 + (dz4)2 + (dz5)2 − (dz6)2 − (dz7)2 (24)
restricted by the constraints
(z1)2 + (z2)2 − (z3)2 − (z4)2 = (2n
m
)2, (25)
m
4n2
√
1− n2((z1)2 − (z2)2 − (z3)2 + (z4)2) = z7, (26)
m
2n2
√
1− n2(z1z4 + z2z3) = z5, (27)
m
2n2
√
1− n2(z1z2 + z3z4) = z6. (28)
The 7-dimensional coordinates zi are the embedding functions.
Various 3-dimensional parametrizations of these surfaces can be considered. For example
z1 =
2n
m
(
cosh(
mx
2
) cosh(
my
2n
) +
1
2
mtemx/2 sinh(
my
2n
)
)
,
z2 =
2n
m
(
− sinh(mx
2
) sinh(
my
2n
) +
1
2
mtemx/2 cosh(
my
2n
)
)
,
z3 =
2n
m
(
cosh(
mx
2
) sinh(
my
2n
) +
1
2
mtemx/2 cosh(
my
2n
)
)
,
z4 =
2n
m
(
sinh(
mx
2
) cosh(
my
2n
)− 1
2
mtemx/2 sinh(
my
2n
)
)
, (29)
z5 =
√
1− n2 1
4m
(
2t2m2emx + 4 sinh(mx)
)
,
z6 =
√
1− n2temx,
z7 =
√
1− n2 1
4m
(−2t2m2emx + 4 cosh(mx)) ,
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coresponds to the k = 0 metric form (7). We remark that these coordinates cover entire variety.
Another natural parametrization of (25)-(28) is
z1 =
2n
m
cosh(
mx
2
) cosh
(
mt
2
+
my
2n
)
,
z2 =
2n
m
cosh(
mx
2
) sinh
(
mt
2
− my
2n
)
,
z3 =
2n
m
sinh(
mx
2
) sinh
(
mt
2
+
my
2n
)
,
z4 =
2n
m
sinh(
mx
2
) cosh
(
mt
2
− my
2n
)
, (30)
z5 =
√
1− n2
m
sinh(mx) cosh(mt),
z6 =
√
1− n2
m
sinh(mx) sinh(mt),
z7 =
√
1− n2
m
cosh(mx),
leading to the line-element (6). We remark that in this case the coordinates (x, y, t) covers only a half of the
hyperboloid (25) since z1 > z2, z3 > z4. Thus, these coordinates are an analogous to Rindler coordinates
of flat space and need to be analytically extended in the usual fashion to cover all of the spacetime.
The parametrization corresponding to a metric form with k = 1 is
z1 =
2n
m
(
cosh(
mx
2
) cosh(
my
2n
) cos(
mt
2
) + sinh(
mx
2
) sinh(
my
2n
) sin(
mt
2
)
)
,
z2 =
2n
m
(
cosh(
mx
2
) cosh(
my
2n
) sin(
mt
2
)− sinh(mx
2
) sinh(
my
2n
) cos(
mt
2
)
)
,
z3 =
2n
m
(
cosh(
mx
2
) sinh(
my
2n
) cos(
mt
2
) + sinh(
mx
2
) cosh(
my
2n
) sin(
mt
2
)
)
,
z4 =
2n
m
(
− cosh(mx
2
) sinh(
my
2n
) sin(
mt
2
) + sinh(
mx
2
) cosh(
my
2n
) cos(
mt
2
)
)
,
z5 =
√
1− n2
m
sinh(mx), (31)
z6 =
√
1− n2
m
cosh(mx) sin(mt),
z7 =
√
1− n2
m
cosh(mx) cos(mt).
We mention also, without entering into details, the parametrization
z1 =
2n
m
cos(
mx4
2
) cosh(
m(x1 + x2)
2n
),
z2 =
2n
m
sin(
mx4
2
) cosh(
m(x1 − x2)
2n
),
z3 =
2n
m
cos(
mx4
2
) sinh(
m(x1 + x2)
2n
),
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z4 =
2n
m
sin(
mx4
2
) sinh(
m(x1 − x2)
2n
), (32)
z5 =
√
1− n2
m
sin(mx4) sinh(
mx1
n
),
z6 =
√
1− n2
m
sin(mx4) cosh(
mx1
n
),
z7 =
√
1− n2
m
cos(mx4),
which gives a time-dependent line element
dσ2 =
sin2(mx4)
n2
(dx1)2 + (dx2 + cos(mx4) dx1)2 − (dx4)2 (33)
The transformation rules between the various coordinates may be easily obtained by comparing their defi-
nitions in terms of the basic embedding coordinates zi.
Note that the embedding presented in this section can easily be extended for n2 > 1 or m2 < 0.
3 The solution in D=4
3.1 The Einstein equations
The metric (5) can be added to a (D − 3) dimensional Euclidean metric dΣ2D−3 to give a D−dimensional
generalization of this geometry. This can be achieved by expressing the D−dimensional metric as the direct
Riemannian sum
ds2 = dσ2 + dΣ2D−3. (34)
The physical interesting case D = 4 has a particularly simple matter content. The corresponding line
elements read
ds2 = dx2 + dy2 + dz2 + 2N(x)dydt− (M(x)2 −N(x)2)dt2. (35)
Here z is a Killing direction in 4D spacetime and has the natural range −∞ < z < ∞. In this case the
computations are done in a orthonormal tetrad basis ωa = (θa, dz). In this basis, the only new components
of the Einstein tensor is Gzz = m
2 −m2n2/4. The determinants of the metrics are the same g(4) = g(3) and
also the Ricci scalars.
We find that (18) still solves the Maxwell equations. However, in order to satisfy the (zz) Einstein
equation we have to include a massless scalar field in the theory, apart from a cosmological constant and a
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perfect fluid. A particular solution of the field equation for a massless minimally coupled scalar field
1√
g
∂
∂xi
(
√
ggij
∂Ψ
∂xj
) = 0 (36)
is Ψ = ez, which implies the nonvanishing components of energy-momentum tensor
T x(s)x = T
y(s)
y = −T z(s)z = T t(s)t = −
e2
2
. (37)
For k = 0 and a pressure free perfect fluid, we find from the 4D Einstein equations
8πc2 = m2(1− n2), 8πe2 = m
2n2
2
(3− 2n2),
8πρ = −m2n2(1 − n2), Λ = −m
2
2
. (38)
We remark that the matter content (22) of the 3D solution is obtained through a compactification along the
z−direction of the 4D solution. The only effect of the scalar field is to shift the value of the cosmological
constant Λ(3) = Λ(4) + 4πe2.
However, in view of the fact that the cosmological term can be regarded as a perfect fluid, we can again
switch the 4D description into a fluid with the energy density given by 8πρ = −m2(3−2n2)/2 and a nonzero
pressure 8πp = m2/2. The values of c and e obtained above are still valid. Again, the matter content for
k = ±1 can be found by using the covariance of the field equations.
In four dimensions we find also a different solution of the Maxwell equations, corresponding to a vector
potential
A = − E
mn
(dy +Ndt), (39)
where E has a constant value. Different than (18), this gives a simple matter content compatible with the
geometry (3) for every value of k. Also, we use the same solution of the Klein-Gordon equation, Ψ = ez. In
this approach, the matter content is given by a Maxwell and a scalar field (i.e. no perfect fluid), the Einstein
equations with cosmological constant implying to the following relations
4πE20 =
m2
2
(1 − n2), 4πe2 = m
2n2
4
, Λ = −m
2
2
. (40)
Clearly the relation n2 < 1 should again be satisfied. However, this time all three energy conditions are
satisfied.
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To examine the Petrov classification of the four line element (35) a complex null tetrad was chosen having
the tetrad basis (i =
√−1)
ω1 = m¯idx
i =
1√
2
(dx − idz),
ω2 = midx
i =
1√
2
(dx + idz),
ω3 =
1√
2
(
(M(x) −N(x))dt − dy
)
, (41)
ω4 =
1√
2
(
(M(x) +N(x))dt + dy
)
.
In this null tetrad, the Weyl tensor invariants [4] are Ψ0 = −3Ψ2 = Ψ4 = m2(1 − n2)/4, Ψ1 = Ψ3 = 0.
Therefore the metric is Petrov type D, except the case n = 1 which is Petrov type N .
3.2 Limiting cases and relation with known solutions
The diagonal limit of this solution is obtained for n = 0
ds2 = dx2 + dy2 + dz2 −M(x)2dt2. (42)
For k = ±1 this corresponds to scalar worlds discussed in [6] (the case M = cosh(mx)) and [7] (the case
M = sinh(mx)), where the geodesic equations are solved and the pathological features of these solutions are
examined. The influence of the global properties on the behaviour of magnetostatic fields in such universes
is also studied. We mention the existence of one more symmetry in this case, corresponding to a rotation in
yz plane.
The four dimensional solution with k = 1, n = 1 is well known in the literature. It corresponds
to Rebouc¸as-Tiomno space-time, originally found as a first example of Go¨del-type homogeneous solution
without CTCs [8]. The properties of this line element are discussed in [9], where the geodesic equations are
integrated. The solution in this case possesses seven isometries and is conformally flat.
In fact, the four dimensional line element (35), the two-parameter Go¨del-type homogeneous solution [8]
and the static Taub solution [10] corresponds to different analytical continuations of the same euclidean line
element
ds2E = dx
2 + (dy +
n¯
2
(emx − ke−mx)dτ)2 + dz2 + 1
4
(emx + ke−mx)dτ2. (43)
where again k = 0,±1. The global properties of this line element can easily be obtained following the results
presented in Section (2.3).
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The general line element (35) is obtained by anlytical continuation τ → it, n¯ → in. The analytical
continuation τ → iϕ/m, y → i(T − nϕ/m) of the k = −1 line element (43) yields the most general
expression of a homogeneous Go¨del-type space-time in cylindrical coordinates
ds2 = dr2 +
sinh2mr
m2
dϕ2 + dz2 −
( 4Ω
m2
sinh2(
mr
2
)dϕ + dT
)2
, (44)
after the identification x = r, n = 2Ω/m. A symilar analytical continuation of the k = 0 line element
(43) yields a Go¨del-type solution in cartezian coordinates. The properties of a Go¨del-type space-time were
discussed by many authors (see e.g. [11] for a large list of references). However, the properties of the solution
proposed in this paper differs form those of an homogeneous rotating Go¨del-type space-time, excepting the
common case n2 = 1.
Another case which we should mention is the static Taub line element [10], corresponding to the analytical
continuation z → iT of the line element (43).
3.3 Causal properties
One of the features of the AdS spaces is that they admit closed timelike curves (CTC). The usual remedy
for this is to consider the covering space instead of AdS itself. Looking at (25) we see that our geometry
suffers from the same problem and it admits CTC (remember that z1 and z2 both are timelike coordinates).
However, these CTC are already present in AdS3 spacetime and can be removed by considering the covering
space.
Apart from this property, this solution is geodesically complete and satisfy causality conditions such
as global hyperbolicity. Different from the Go¨del solution, a cosmic time function can be defined; for the
function f = t, one has
gij
∂f
∂xi
∂f
∂xj
= − 1
M(x)2
< 0 (45)
for every finite value of x, implying that CTC are not present.
Since in D = 4 a perfect fluid is not necessarily present as source of curvature, the kinematical parameters
of the model are not unambiguously defined. However, we can consider an observer with a four-velocity given
by uiui = −1 with ui = δi4(M2 −N2)−1/2 and find no expansion (θ = 0), no shear (σij = 0) but a non-null
vorticity
ωi =
1
2
√−g k
ijkmuj;kum =
1
2(M2 −N2)
(
2NM ′ −mn(M2 +N2)) δiz (46)
11
For the case k = 0 we find a vorticity parallel to the z axis of magnitude mn/2.
From the expressions above it is obvious that the spacetime (35) has no curvature singularities anywhere
and also its 3D version. The coordinate ranges can be taken −∞ < x, y, z, t <∞ except for k = −1.
While the properties of the k = 0 and k = 1 line elements are very similar, the case k = −1 is rather
special. For k = −1 the surface x = 0 presents all the features of an event horizon. In the limit of no matter
(n = 0) and zero cosmological constant (m = 0) we obtain the Rindler spacetime after a rescaling t→ t/m.
All the properties of the Rindler solution are shared by this spacetime. As a new feature, we remark the
occurence of an ergoregion, induced by the presence of a squashing parameter n < 1. We can see from (6)
that in this case, the Killing vector ∂/∂t is spacelike for tanh2(mx) < n2. These properties are manifest
when integrating the geodesic equation.
4 Geodesic motion and properties of the trajectories
The study of timelike and null geodesics is an adequate way to visualize the main features of a spacetime.
In this section we want to study the geodesic motion for n2 < 1 and, in particular, to confirm that the
spacetime described by (35) is both null and timelike geodesically complete. The metric symmetries enable
us to solve directly some the motion equations for timelike and null geodesics for every k.
For the general line element (35), the equations of the geodesics have the four straightforward first
integrals
Py = x˙2 = y˙ +Nt˙,
Pz = x˙3 = z˙,
E = x˙4 = Ny˙ + (N
2 −M2)t˙, (47)
−ε = x˙2 + z˙2 + (y˙ +Nt˙)2 −M2(x)t˙2
where a superposed dot stands for as derivative with respect to the parameter τ and ε = 1 or 0 for timelike
or null geodesics respectively. τ is an affine parameter along the geodesics; for timelike geodesics, τ is the
proper time. The corresponding relations for D = 3 are obtained by setting Py = 0. The first three integrals
in (47) are due to the existence of the Killing vector fields ∂y, ∂t, ∂z respectively. The fourth one is related to
the invariance of the timelike or null character of a given geodesic, while Py, Pz and E are the corresponding
constants of motion. Note that since the solution is not asymptotically flat, nor AdS, these constants cannot
be identified as the linear momentum and the energy at infinity.
From the above equations we get the simple relations
M2x˙2 = (NPy − E)2 −M2(ε+ P 2y + P 2z ) (48)
and
z = Pz(τ − τ0) (49)
To integrate the eq. (48) it is convenient to introduce the variable u = NA+ PyE/A, where
A =
√
ε+ P 2y (1 − n2) + P 2z
n
. (50)
This yields the parametric form of the x−coordinate
N(x) = a+ b sinα(τ − τ0) (51)
where
α = mnA, a = −EPy
A2
, b =
√
(ε+ P 2y + P
2
z )(
E2
n2A2 − k)
A
. (52)
Therefore, for k = 1, the geodesic motion is possible for E2 > ε+P 2y (1−n2)+P 2z only. Equation (51) shows
that, for any value of the constants of motion, the massive particles and photons are always confined in a
finite region along the x axis.
We can easily find a closed form relation between the coordinates x and t. Thus
(
NPy − E
M
)2 = m2E2(t− t0)2 + ε+ P 2y + P 2z , for k = 0
EN + n2Py
M
= n
√
E2 − (ε+ P 2y (1− n2) + P 2z ) sin(m(t− t0)), for k = 1 (53)
EN − n2Py
M
= n
√
E2 + ε+ P 2y (1− n2) + P 2z sinh(m(t− t0)) for k = −1.
For k = 0,−1, the equation for y(τ) gives
y − y0 = Py(1− n2)(τ − τ0)− n
3Py
2α
(I+(k)− I−(k)) + n
2E
2α
(I+(k) + I−(k)) (54)
where
I±(k) =
1√
b2 − (a± kn)2 ln
(
(a± kn) tan (α(τ − τ0)/2)+ b−√b2 − (a± kn)2
(a± kn) tan (α(τ − τ0)/2)+ b+√b2 − (a± kn)2
)
,
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while for t(τ) we find
t− t0 = n(nPy + E)
2
I−(−1) + n(nPy − E)
2
I+(−1), for k = −1 (55)
t− t0 = 2bα
nm2E
cos(α(τ − τ0))
a+ b sin(α(τ − τ0)) for k = 0.
The expresion of y(τ) and t(τ) for k = 1 can also be obtained from (47) but are very complicated and we
prefer do not present them here since the conclusions in this case are rather similar to the case k = 0. The
equation for y can also be read from the folllowing straightforward integral
∫
x˙2dτ + (y − y0)Py + (z − z0)Pz + (t− t0)E = −ε(τ − τ0). (56)
It is obvious from the above relations that for k = −1, the surface x = 0 presents all the characteristics of
an event horizon. For a freely falling observer an infinite time t is required to traverse the finite distance
L0 between an exterior point and a point on the horizon, but that destination is reached in a finite proper
time. The running backwards of t for some intervals of τ has nothing to do with a possible going backward
in time or time travel. This effect is a mere consequence of the special choice of the time coordinate.
5 Quantum effects
The line element (5) has also another interesting property, being connected to the a special class of bubble
spacetimes 1. The four dimensional ”topologically nutty bubbles” obtained by Ghezelbash and Mann in [14]
as a suitable analytical continuation of a Taub-Nut-AdS geometry can be written in a compact way as
ds2 =
dr2
F (r)
+ F (χ)
(
dχ+ 2n˜
dfk(θ)
dθ
dt
)2
+ (r2 + n˜2)(dθ2 − f2k (θ)dt2), (57)
where
F (r) =
r4 + (−ℓ2 + 6n˜2)r2 − 2mℓ2r − n˜2(−ℓ2 + 3n˜2)
ℓ2(r2 + n˜2)
. (58)
The discrete parameter k takes the values 1, 0 and −1 and implies the form of the function fk(θ)
fk(θ) =
1
2
(eθ + ke−θ). (59)
Here m is the mass parameter, r a radial coordinate, n˜ the nut charge and Λ = −3/ℓ2 the cosmological
constant. The θ coordinate is no longer periodic and takes on all real values. One can easily see that a
1A general clasification of bubbles in (anti-) de Sitter spacetime can be found in [13].
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hypersurface of constant large radius r in this four-dimensional asymptotically AdS spacetime has a metric
which is proportional to the three-dimensional line element (5) after the identifications x = θl; m = 1/ℓ;
n = 2n˜/ℓ.
The Maldacena conjecture [15] implies that a theory of quantum gravity in a (D+1)-dimensional space-
time with a negative cosmological constant can be modeled by the a conformal field theory in the fixed
D-dimensional boundary geometry. Therefore the interest in field quantization in the background (5), since
it will encode the informations on the quantum gravity in a ”topologically nutty bubble”. Although the
corresponding field theory is not known in this case, similar to other situations one may consider the simple
case of a nonminimally coupled scalar field.
One approach toward field quantization is to work directly in the (Lorentz signature) spacetime under
consideration. This approach has the advantage of yielding a direct, physical interpretation of the results
obtained. The line element (35) presents a global t = const. Cauchy surface and the standard methods of
quantization can be directly applied [16]. Due the high degree of symmetry it is possible to solve the scalar
wave equation in terms of hypergeometric functions for any value of k.
An alternative approach is to define all quantities on a Euclidean manifold (i.e. a positive definite
metric). The results on the Lorentzian section are to be obtained by analytical continuation of the Euclidean
quantities. Here we remark that the ”nutty bubble” geometry (57) and the general D = 4 Taub-NUT-AdS
family of solutions discussed in [17] share the same Euclidean section. The Euclidean boundary geometry in
both cases corresponds to the line element (43). Therefore a number of general results found in [17] working
on the Euclidean section are valid in this case too (in particular the computation of the solutions’ action).
Concerninig the field quantization, the results for (the essential three-dimensional part of-) a Go¨del
universe and the new 3D solution will correspond to different analytic continuation of the same Euclidean
quantities (a similar correspondence exists e.g. between the quantization in Rindler spacetime and a cosmic
string background, see e.g. [18]). The Euclidean approach would enable us to use the powerful formalism of
“the direct local ζ-function approach” [18], and to compute the effective action, the vacuum fluctuation and
the one-loop renormalized stress tensor for a quantum field propagating in the background (5). We remark
that for k = 1, the general ζ-computation presents some similarities with the squashed three-sphere case
discussed in [19], the case k = 0 being approached in Appendix B of Ref. [17]. A ζ-computation of the
effective action for a conformal scalar field propagating in the line element (5) will be presented elsewhere,
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since a separate analysis is required for every k.
For the rest of this Section, we present instead some preliminary results concerning the case k = 0 in four
spacetime dimensions, in which case the results have a particularly simple form, focussing on the Green’s
function computation for a massive scalar field.
A 4D Euclidean line-element is obtained from (7) by using the analytical continuation t → −iτ and
n→ in¯
ds2 = dx2 + (dy +
n¯
2
emxdτ)2 + dz2 +
1
4
e2mxdτ2. (60)
The Feynman propagator for a massive scalar field is found by taking the (unique) solution bounded on the
Euclidean section of the inhomogeneous equation
(∇a∇a −M2)GE(x, x′) = −δ
4(x, x′)
g1/2(x)
, (61)
the case of a nonminimally coupled scalar field corresponding to a particular value of M2. If the field is at
zero temperature GE(x, x
′) has the form
GE(x, x
′) =
1
8π3
+∞∫
−∞
dω
+∞∫
−∞
dky
+∞∫
−∞
dkze
−iω(τ−τ ′)eiky(y−y
′)eikz(z−z
′)fkykzω(x, x
′), (62)
and the only remaining equation for the propagator is
e−mx
d
dx
(
emx
df
dx
)
− 4ω2e−2mxf − 4n¯e−mxkyωf (63)
− ((1 + n¯2)k2y + k2z +M2) f ∼ −δ.
By using the substitution u = 4|ω|e−mx/m, the solutions to eq. (63) when the right hand is zero are
f1 =Mkµ(u) = e
−u
2 uµ+
1
2 1F1
(
µ− k + 1
2
, 1 + 2µ, u
)
,
finite as u→ 0 and
f2 =Wkµ(u) = e
−u
2 uµ+
1
2U
(
µ− k + 1
2
, 1 + 2µ, u
)
,
finite as u → ∞. In the relations above µ =
√
1/4 +
(
k2z + (1 + n¯
2)k2y +M
2
)
/m2, k = −|ω|n¯ky/ωm, 1F1
and U are confluent hypergeometric functions. The Whittacker functions satisfy the relation [20]
Wkµ(z) =
Γ(−2µ)
Γ(12 − µ− k)
Mkµ(z) +
Γ(2µ)
Γ(µ+ 12 − k)
Mk−µ(z). (64)
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Thus the expressions for the spatial part of the Green’s function is given by the usual expression [21]
f(u, u′) =
f>(u>)f<(u<)
W (f>, f<)
, (65)
where f> = f2 satisfies the boundary condition of finiteness at large u and f< = f1 is similar finite as u goes
to zero; W is the wronskian of f> and f< . Any other combination of the linearly independent solutions will
not satisfy the boundary conditions. However, it is necessary to check that no Euclidean bound states exist.
If an everywhere-finite solution of the homogeneous equation do exist, then the freedom one has in adding an
arbitrary solution of the homogeneous equation (satisfying the boundary conditions) to the Green’s function
would make the Green’s function nonunique. The condition of existence for a bounded state is
k − µ− 1
2
= positive integer. (66)
It is easy to see that this cannot happen in the situation under consideration.
Returning to the Lorentzian section by continuing back from the Euclidean values to the Lorentzian values
we can define a Feynman propagator. The choice of the above analytical continuation fixes the appropriate
sign of the timelike Klein-Gordon norms of f1 and f2.
The GE(x, x
′) contains all the information about the theory [16]. As a simple application, we use
the formalism proposed by Lapedes in [22] to prove that an inertial observer at constant x will not see
any particles, where “what an observer sees“ means “how a detector reacts when it is coupled linearly to a
quantized field propagating freely in our space-time“. In Ref.[22] it has been proved that the average number
of produced pairs detected by an observer at constant x is
< nωkykz >=
w
1− w , (67)
where w is the probability for one pair to be created in a state characterized by the quantum numbers
ky, kz, ω. This probability can be computed by returning to the Lorentzian section and writing
f< = Af¯> +Bf>. (68)
The coefficients A and B can be read from (64). Thus w = 1 − |B|2
|A|2
and, for situation discussed here with
n2 < 1, the relative probability is null.
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6 Conclusions
This paper was inspired by the finding that the Go¨del geometry can be obtained by squashing the three
dimensional anti-de Sitter geometry. Although the initial metric form to be squashed cannot be entirely
arbitrarly, the variety of possibilities and of the resulting spacetimes is quite large.
In this way we obtained a new family of solutions of the 3D Einstein’s field equations with negative
cosmological constant. This solution is characterized by two continuos parameters m and n and a discrete
parameter k. So far, physically acceptable sources for these solutions are found only for n2 < 1. In a four
dimensional interpretation it satisfies the Einstein-Maxwell-scalar field equations with cosmological constant.
This space-time, of course, is not a live candidate for describing a physical situation, but it can be a source
of insight into the possibilities allowed by relativity theory.
We have presented a global description of the spacetime geometries of our solution by isometrically
embedding it in a flat spacetime with four extra dimensions. In this way we gained a rather clear global
structure of the geometry. A detailed study of the geodesics of this spacetime showed that the solution is
geodesically complete and therefore singularity free.
Although this new family posseses the same amount of symmetry as an homeogeneous Go¨del-type space-
time (in fact we prove it corresponds to a suitable analitical continuation of the latter), there are some
important differences. The most obvious difference is the absence of CTC and a different geodesic structure.
We noticed a relevance of this 3D geometry within AdS/CFT correspondence since it is the boundary of the
four dimensional ”topologically nutty bubbles” with negative cosmological constants discussed in [14].
Since the solution presented here contains three parameters which may lead to spacetimes with rather
different properties, it would be interesting to extend the analysis for n2 > 1 and −∞ < m2 < ∞. An-
other interesting problem is to study the properties of solutions obtined from other parametrizations of the
quadratic surfaces (25)-(28).
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